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ABSTRACT
In protoplanetary disks, the distribution and abundance of small (sub)micron grains are im-
portant for a range of physical and chemical processes. For example, they dominate the optical
depth at short wavelengths and their surfaces are the sites of many important chemical reac-
tions such as the formation of water. Based on their aerodynamical properties (i.e., their strong
dynamical coupling with the surrounding gas) it is often assumed that these small grains are
well-mixed with the gas. Our goal is to study the vertical (re)distribution of grains taking into
account settling, turbulent diffusion, as well as collisions with other dust grains. Assuming a
fragmentation-limited background dust population, we developed a Monte Carlo approach that
follows single monomers as they move through a vertical column of gas and become incorpo-
rated in different aggregates as they undergo sticking and fragmenting collisions. We find that
(sub)micron grains are not necessarily well-mixed vertically, but can become trapped in a thin
layer with a scale-height that is significantly smaller than that of the gas. This collisional trapping
occurs when the timescale for diffusion is comparable to or longer than the collision timescale in
the midplane and its effect is strongest when the most massive particles in the size-distribution
show significant settling. Based on simulations and analytical considerations we conclude that for
typical dust-to-gas ratios and turbulence levels, the collisional trapping of small grains should be
a relatively common phenomenon. The absence of trapping could then indicate a low dust-to-gas
ratio, possibly because a large portion of the dust mass has been removed through radial drift or
is locked up in planetesimals.
Subject headings: protoplanetary disks — stars: circumstellar matter — methods: numerical
1. Introduction
Initially, protoplanetary disks are believed to
consist of gas and microscopic dust particles,
mixed at a mass ratio of about 100:1 (Williams &
Cieza 2011), resembling the interstellar medium.
The relatively high densities inside the protoplan-
etary disk make dust coagulation on timescales
(much) shorter than 106−7 yr (the typical life-
time of the protoplanetary disk) possible and the
growth of microscopic particles into centimeter-
size pebbles and meter-size boulders constitute
*Accepted for publication in ApJ
the first steps of planet formation in the stan-
dard core accretion scenario (Testi et al. 2014;
Johansen et al. 2014). While the dust size dis-
tributions that arise from coagulation can have
complex shapes and vary greatly with time and
location (e.g., Dullemond & Dominik 2005; Birn-
stiel et al. 2011), it is usually true that the total
mass is dominated by the largest particles while
small dust grains provide the majority of the sur-
face area for solids. And while the larger, mass-
dominating particles are interesting as potential
building blocks of planetesimals and eventually
planets, the small (sub)micron grains are impor-
tant because they dominate the optical depth at
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UV wavelengths, influencing the temperate struc-
ture of the gas (Dutrey et al. 2014) and their sur-
face plays an important role in many chemical pro-
cesses including the formation of water molecules
(see Pontoppidan et al. 2014; van Dishoeck et al.
2014, for recent reviews).
In the inner disk, where collision times are short
and collision velocities are high, the current pic-
ture is that small dust grains are continuously
created in destructive collisions of larger, mm to
cm-size bodies, resulting in a steady-state between
fragmentation and coagulation. Without these de-
structive collisions, the abundance of small grains
will drop very rapidly after coagulation kicks in
(Dullemond & Dominik 2005). Even though small
grains are predominantly created close to the mid-
plane, where the larger bodies are concentrated,
it is generally held that they will be efficiently
mixed vertically. Specifically, their vertical scale-
height is determined by balancing settling and ver-
tical diffusion (Cuzzi et al. 1993; Dubrulle et al.
1995; Youdin & Lithwick 2007; Ciesla 2010). Since
small grains couple to the gas fairly well, settling is
not very effective and their scale height is usually
taken to be equal to the gas scale height.
We set out to model the interaction of diffusion,
settling, and collisional processes, and understand
how individual grains move vertically under realis-
tic conditions, focusing on those regions of the disk
where the dust size distribution is expected to be
in a growth/fragmentation equilibrium. In partic-
ular, we want to see what effect particle growth has
on how a single monomer is transported vertically
in the disk, be it alone or as part of a larger aggre-
gate. The paper is structured as follows. Section
2 outlines the models used to describe the proto-
planetary nebula and steady-state dust distribu-
tion. In Sect. 3 we extend the purely dynamical
model of Ciesla (2010) to include particle-particle
collisions. In Sect. 4 individual dust grains are
followed and Sect. 5 combines multiple grain his-
tories to quantify the vertical distribution of small
grains. The results and their implications are dis-
cussed in Sect. 6 and conclusions summarized in
Sect. 7.
2. Disk model and background dust pop-
ulation
We must first define models for the protoplan-
etary disk and the background dust population.
For now, the properties of the nebula and the
global shape of the dust population it houses are
assumed to be time-independent, though the ap-
proach developed here can be used with time-
dependent models as well.
2.1. Disk model
Focusing on a young protoplanetary disk
around a Sun-like star, the radial gas surface den-
sity and temperature profiles are taken to equal
Σg = 2000 g cm
−2
( r
1 AU
)−3/2
, (1)
and
T = 280 K
( r
1 AU
)−1/2
, (2)
consistent with the Minimum Mass Solar Nebula
(Hayashi 1981). The gas diffusivity is taken to
equal
Dg = αcshg, (3)
where the gas scale height is given by hg =
cs/Ω with Ω the Keplerian frequency, cs =
(kBT/mg)
1/2 the isothermal sound speed, and
mg = 3.9 · 10−24 g denotes the mean molecular
weight. Following Shakura & Sunyaev (1973), we
use the dimensionless parameter α to describe the
strength of the turbulence.
In the isothermal case, Dg does not depend on
height and the gas density drops away from the
midplane according to
ρg =
Σg√
2pihg
exp
{
− z
2
2h2g
}
, (4)
The timescale on which turbulent diffusion occurs
equals
tD =
h2g
Dg
=
1
αΩ
∝ r3/2, (5)
and is longest for low turbulence strengths.
2.2. Dust particle properties
The smallest grains considered are monomers
with a radius s• = 0.1 µm and an internal den-
2
sity of ρ• = 1.4 g cm−3. Larger particles1 (aggre-
gates of many monomers held together by surface
forces) are assumed to be compact and spherical
in shape, so that their mass and radius are related
through m = (4/3)pis3ρ•. The size of the largest
aggregates is set by the fragmentation threshold
velocity and the properties of the disk (Sect. 2.4).
A dust particle’s dynamics are governed by its
stopping time
ts =
√
pi
8
ρ•s
ρgcs
, (6)
assuming we are in the Epstein limit, i.e., s <
(9/4)λmfp, with λmfp = mg/(σmolρg) the gas
molecule mean free path. Because of the higher
gas density, λmfp is lowest in the midplane where
λmfp ∼ 1 cm at r = 5 AU for the disk model con-
sidered here. The dimensionless form of the the
stopping time is often defined as the Stokes num-
ber St ≡ Ωts.
The dust particle diffusivity is related to Dg
through the Schmidt number (Youdin & Lithwick
2007)
Sc ≡ Dg
Dd
∼ 1 + (Ωts)2. (7)
In addition to diffusion, dust grains will settle to
the midplane of the disk by balancing the force
of gravity with the resisting drag force of the gas,
yielding a velocity of
vsettle = −tsΩ2z. (8)
When diffusion and settling are balanced, the den-
sity distribution of dust particles of a given size
will describe a Gaussian (equivalent to Eq. 4) with
a relative scale height (Youdin & Lithwick 2007)
hd
hg
≈
√
α
α+ Ωts
(
1 + Ωts
1 + 2Ωts
)
(9)
Thus, well-coupled grains follow the gas distribu-
tion (e.g., hd ∼ hg), while particles with Stokes
numbers Ωts > α will settle toward the midplane.
1A brief note on the nomenclature used in this work:
Monomers refers specifically to these 0.1 µm particles. Ag-
gregates are conglomerates of monomers while grains usu-
ally refers to small particles, which could be monomers or
small aggregates.
The collision velocity between two grains is cal-
culated by adding contributions from Brownian
motion and turbulence quadratically2
vrel =
√
(∆vBM)2 + (∆vtur)2. (10)
For ∆vtur we use Eq. 16 of Ormel & Cuzzi (2007)
and
∆vBM =
√
8kbT (mi +mj)
pimimj
, (11)
with mi and mj the masses of the two particles
in question. Figure 1 shows the relative colli-
sion velocity between two particles at 5 AU assum-
ing that this region of the disk can be described
by the parameters given in Table 1. The upper
panel shows the midplane collision velocity, and
the lower panel shows vrel at z = 2hg. The main
reason for the differences in relative velocities is
the lower value of ρg away from the midplane,
which – for a fixed particle size – leads to higher
Stokes numbers.
2.3. Sticking, fragmentation, and erosion
Dust particles can gain and lose mass through
collisions with other dust grains. In order for two
aggregates to stick, they must be able to absorb
and dissipate the collisional energy without falling
apart. At low velocities, when the collision en-
ergy is small compared to the binding energy of
the aggregates, this is generally not a problem.
At high velocities however, when the kinetic en-
ergy becomes comparable or larger than the aggre-
gate’s binding energy, fragmentation becomes the
dominant outcome. In the last 2 decades, numer-
ous authors have studied the transition from stick-
ing to fragmentation experimentally (e.g., Blum &
Wurm 2000, 2008; Gu¨ttler et al. 2010, and refer-
ences therein) and through numerical simulations
(e.g., Dominik & Tielens 1997; Ringl et al. 2012;
Wada et al. 2013), focusing on the influence of col-
lider sizes, shapes, and materials.
We employ the collision model of Birnstiel et al.
(2011) and assume the fragmentation probability
2For consistency with Birnstiel et al. (2011) in Sect. 2.4,
the contribution of differential vertical settling is ignored.
For the turbulence strengths considered in this work, this
approximation is justified since the turbulent term will gen-
erally dominate over the differential settling velocity (see
for example Krijt et al. 2015, Fig. 2).
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Fig. 1.— Collision velocities at 5 AU and α =
10−3 at the midplane (top panel) and at z/hg =
2 (bottom panel). Brownian motion, turbulence,
and differential settling have been included. The
red contours mark vfrag (solid) and vfrag − δvfrag
(dashed).
for a collision is given by
Pfrag =

0 if vrel < vfrag − δvfrag,
1 if vrel ≥ vfrag,
1− vfrag − vrel
δvfrag
at intermediate vrel,
(12)
where δvfrag = vfrag/5. The intermediate tran-
sition regime with width δvfrag was included by
Birnstiel et al. (2011) because experimental inves-
tigations did not reveal a sharp transition from
sticking to fragmentation (e.g., Blum & Mu¨nch
1993). Figure 1 illustrates the boundaries of the
pure sticking and fragmentation regimes with the
dashed and solid red lines, showing that these
regimes are a function of height in the disk and
that the intermediate regime (where both sticking
and fragmentation can occur) covers a relatively
narrow range of sizes.
When sticking occurs, the size of the new dust
aggregate is found by adding the two colliding
masses. For fragmentation, we define two regimes:
i) if the mass ratio of the colliders is Rm ≥ 0.1,
catastrophic fragmentation occurs, and the mass
of both colliders is redistributed over fragments;
and ii) when the mass ratio is Rm < 0.1, ero-
sion occurs, where the smaller collider excavates a
mass equal to its own mass from the larger body.
In both cases, the fragment distribution follows a
power-law shape
nf (s) =
 Cfs
−ξ for s• ≤ s ≤ sf,max,
0 else,
(13)
where the size of the largest fragment sf,max equals
the larger collider in the case of catastrophic frag-
mentation, and the smaller collider in the case of
erosion. The constant Cf is determined by fixing
the total mass of fragments to twice the mass of
the smaller collider (for erosion), or to the sum of
both collider masses (for catastrophic fragmenta-
tion). Throughout this work, we adopt ξ = 3.5 as
used by Birnstiel et al. (2011). For this power-
law index, the fragment mass is dominated by
the largest fragments, and the surface area by the
smaller fragments.
2.4. Background dust population
We assume a steady-state population of dust
particles with sizes ranging from s• to some max-
imum size smax. Assuming growth is limited by
turbulence-induced fragmentation, the maximum
aggregate size is approximately (Birnstiel et al.
2009)
smax ≈ 2Σg
piαρ•
(
vfrag
cs
)2
, (14)
where we have assumed the dust particle density
is equal to ρ• (i.e., compact aggregates).
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Fig. 2.— Normalized steady-state dust size dis-
tribution derived for a fragmentation threshold of
vfrag = 5 m s
−1 and the parameters of Table 1,
using the approach of Birnstiel et al. (2011) and
as summarized in Sect. 2.4.
We determine the complete dust size distribu-
tion by using the vertically integrated steady-state
recipe of Birnstiel et al. (2011, Sect. 5), derived
for the same collisional model as summarized in
Sect. 2.3. In essence, this method consists of
identifying a number of important grain sizes, and
building the full size distribution by using appro-
priate power-law distributions between these sizes.
Figure 2 shows the resulting size-distribution for
the model of Table 1. Apart from the maximum
grain size smax, important sizes are: the size where
relative velocities start to be dominated by tur-
bulence rather than Brownian motions (sBT); the
size above which grains start to settle (ssett); the
Table 1: The benchmark model used throughout
this work.
Quantity symbol value
Column location r 5 AU
Gas surface density Σg 180 g cm
−2
Dust-to-gas ratio Σd/Σg 0.01
Turbulence strength α 10−3
Monomer radius s• 0.1 µm
Monomer density ρ• 1.4 g cm−3
Fragmentation velocity vfrag 5 m s
−1
Fragment power-law ξ 3.5
size for which the stopping time becomes larger
than the turnover time of the smallest eddies (s12);
and the size where the mass-distribution peaks
(sp). For a more in-depth discussion of these
sizes and how they influence the size distribution
the reader is referred to Birnstiel et al. (2011).
The advantage of using a pre-determined back-
ground dust population instead of calculating it
self-consistently (e.g., Zsom et al. 2011), is that we
have a smooth and well-characterized size distri-
bution at all heights z, something that is difficult
to achieve in numerical models.
3. Method
We now turn our attention to a single monomer,
located somewhere in a column of gas at a radius r
from the central star. The goal is to follow the dy-
namical evolution of this monomer while it moves
vertically and becomes part of different aggregates
that experience sticking and destructive collisions.
3.1. Vertical motions
Inside the column, the vertical motions will be
governed by the aerodynamical properties of the
aggregate in which the monomer is incorporated
and can be calculated using the methodology de-
scribed in Ciesla (2010). Basically, the location
of a grain after a time step ∆t can be obtained
through
z(t+∆t) = z(t)+veff∆t+R1
[
2
ζ
Dd∆t
]1/2
, (15)
with ζ = 1/3 and R1 is a random number between
[−1, 1]. The effective velocity is given by
veff = vgas + vsettle = −Dd z
h2g
− tsΩ2z, (16)
where the second term on the RHS depends on
both particle size and ambient gas density through
the stopping time ts. Unlike the settling velocity,
the vgas term does not represent a physical veloc-
ity, but follows mathematically from expanding
the diffusion equation while taking into account
that the gas density drops away from the midplane
(Ciesla 2010).
To ensure the time-step is not larger than a
fraction of the settling or diffusion timescale, we
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Fig. 3.— Vertical motions of dust grains in the absence of collisions for particles with sizes s =
0.1 µm, 1 mm, 1 cm. Trajectories are simulated at r = 5 AU, assuming α = 10−3. Left: Three typi-
cal trajectories plotted as a function of time. Right: Normalized histograms of the time spent at different
heights. For each histogram, the histories of 103 particles were combined. The shaded curves show predictions
of Eq. 9 using the corresponding midplane Stokes numbers.
use
∆t =
fdiff
(α+ Ωts)Ω
, (17)
with fdiff = 10
−2.
To test the treatment of the vertical diffusion
and settling, we simulate the motions of particles
of three different sizes (0.1 µm, 1 mm, 1 cm) in
the absence of collisions. At r = 5 AU, these sizes
have midplane Stokes numbers Ωts ∼ 10−7, 10−3
and 10−2 respectively, and thus correspond to
well-coupled (Ωts  α), marginally decoupled
(Ωts ∼ α), and settled (Ωts > α) particles. The
left panel of Figure 3 shows the trajectories 3 dif-
ferent particles take in 20,000 yrs (approximately
10 mixing timescales tD), and shows that, as ex-
pected, smaller particles make longer and more
frequent excursions away from the midplane than
larger particles. The right-hand panel shows nor-
malized histograms of the time spent at different
heights and compares them to predictions of Eq.
9. For the histograms, histories of 103 particles
were combined for every size. The grains behave
as one would expect, although, as noted by Ciesla
(2010), Eq. 9 slightly overestimates the width of
the Gaussian because it neglects variations of the
Stokes number with z, which our model does take
into account.
3.2. Collisional behavior
The next step is to include interactions be-
tween the aggregate that holds the monomer we
are following and the background dust population
of Sect. 2.4. For this, the dust population is di-
vided into Nf size bins, with the characteristic
sizes sj spaced logarithmically. The number den-
sity of grains of in size bin j is given by
nj =
ρj
mj
=
1√
2pihd,j
Σd,j
mj
exp
{
−z2
2h2d,j
}
, (18)
with mj = (4/3)pis
3
jρ•. The surface densities,
taken from the size-distribution of Sect. 2.4, are
normalized to add up to the total dust surface den-
sity
Nf∑
j
(Σd,j) = Σd, (19)
which is related to Σg through the assumed (and
time-independent) dust-to-gas ratio.
The collision rate between the (single) particle
of size s and a single particle in size bin j equals
Cj = nj · vrel · σcol, (20)
where the collisional cross section equals the geo-
metrical one σcol = pi(s+sj)
2, and the relative ve-
locity is a function of both particle sizes and their
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location in the disk (see Fig. 1). The solid red
contour in Fig. 1 marks vrel = vfrag, and can be
used to identify smax. Collision velocities are gen-
erally higher away from the midplane because the
lower gas densities result in higher Stokes numbers
for a given size. As a result, the maximum size is
a function of height in the disk.
The total collision rate between a single par-
ticle of size s and the full dust distribution then
becomes
Ctot =
Nf∑
j
Cj . (21)
Neglecting the possibility of multiple collisions,
the chance of our particle suffering a collision dur-
ing a period ∆t equals
Pcol = 1− e−Ctot∆t. (22)
Since we do not take into account the possibility of
multiple collisions in a single time step, ∆t should
be smaller than the typical collision timescale, or
∆t . 1/Ctot. This requirement can become prob-
lematic, especially when the followed particle is
large and located in the midplane. Large particles
will collide frequently with (sub)micron grains,
and these collisions will dominate and cause Ctot
to become very large even though the cumula-
tive mass gain/loss resulting from these collisions
might well be negligible.
To avoid forcing the time-step to very small val-
ues, background dust particles that are consider-
ably smaller than the followed particle are grouped
(e.g., Ormel & Spaans 2008; Krijt et al. 2015).
The followed particle s encounters these groups
less frequently, but when it does, it collides with
all the particles in that group. In this work3, we
group based on particle mass: in size-bins that cor-
respond to grains with a mass smaller than fm
(with m the mass of the aggregate we are follow-
ing), particles are combined in groups with a total
mass fm, consisting of f(s/sj)
3 individual sj-
size dust particles. We will use f = 10
−1, so that
the mass of the particle with size s cannot change
by more than 10% during one group collision.
3See Ormel & Spaans (2008) for a discussion on different
grouping strategies.
The modified collision rates then become
C˜j =
 Cj if (sj/s)
3 > f,
f−1 (sj/s)
3 · Cj if (sj/s)3 ≤ f,
(23)
where the first case describes 1-to-1 collisions be-
tween the followed particle s and a single other
particle with a similar or much larger size. The
second case refers to collisions between the fol-
lowed particle and a whole group of sj-size parti-
cles, for which the individual collision rate of Eq.
20 is modified by a factor corresponding to the
number of particles making up the group.
Similar to before, we define
C˜tot =
Nf∑
j
C˜j , (24)
and
P˜col = 1− e−C˜tot∆t. (25)
To determine if a collision occurred during a
time step, we draw a random number R2 between
[0, 1], and write No collision if R2 > P˜col,
collision if R2 ≤ P˜col.
(26)
If no collision has taken place, we simply move
on to the next time step. If a collision does take
place, we need to determine from which size bin
the collider was. For this we use the standard ap-
proach for drawing random outcomes that follow
a distribution (here, C˜j): we draw a third random
number R3 between [0, Ctot] and sum over all bins
until we reach bin k for which
Nf∑
k≤j
Ck ≥ R3, (27)
identifying a particle from bin k as the collision
partner. By drawing a fourth random number and
comparing it to Pfrag, we determine the outcome
of the collision in question4. Finally, we have to
4When a collision occurs between a large particle and a
group of small particles (the second case in Eq. 23), we
use the same outcome for all the individual collisions this
event represents. In other words, either all small particles
stick, or they all result in erosion, even if the collisions
occur in the transition regime of Eq. 12.
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Fig. 4.— History of monomers in a disk with α = 10−2 in the midplane at r = 5 AU and a local dust-to-gas
ratio of 0.01. Left: Aggregate sizes in which a single monomer is incorporated as a function of time. During
10,000 years, many sticking, erosion, and fragmentation events occur, and the small grain we are following is
part of many different aggregates. Right: Normalized histogram of the cumulative time grains spent inside
bodies of size s, averaged over 500 monomer histories of 10,000 years each (excluding the first 1000 years).
Overall, the histogram is in good agreement with the mass-weighted background size-distribution.
determine in which collision product the followed
monomer ends up. In a sticking collision this is
straightforward (there is only 1 collision product)
while in the case of fragmentation a fifth random
number is used to choose an aggregate from the
fragment distribution in a mass-weighted manner.
To test the collisional behavior, we run a sim-
ulation where the dust grains are confined to the
midplane at all time (i.e., z(t) = 0), for the pa-
rameters of Table 1, but with an increased level
of turbulence α = 10−2 so that smax < ssett and
settling is not important – even for the largest ag-
gregates. We confine particles to the mid-plane
to remove the dependence of the Stokes numbers
and collision velocities on height z, as these effects
were not included in Birnstiel et al. (2011). Fig-
ure 4 shows the results for this test using a variable
time step ∆t = 0.5/C˜tot. The left panel shows the
history of 1 single monomer. This grain started
out with a size s• at t = 0, and was left to col-
lide with the background dust population accord-
ing to the scheme developed in Sect. 3.2. Dur-
ing 10,000 years, the grain is part of many differ-
ent aggregates, as these aggregates suffer collisions
that result in sticking, erosion, and fragmentation.
Sudden jumps to small sizes indicate fragmenta-
tion/erosion events where the grain we are inter-
ested in ended up in a small fragment. Conversely,
sudden jumps to large sizes indicate our grain is
swept up by a much larger particle. There are also
periods of more gradual mass increase (for exam-
ple just before t = 2000 yr), indicating that the
aggregate we are following is growing by sweep-
ing up smaller particles. Which of these processes
(dramatic events or gradual mass gain/loss) dom-
inate can vary per particle size and depend on the
velocity field and dust size distribution.
In a steady state, the number density of par-
ticles of some size s is set by a balance of their
creation and removal: a high abundance means
these grains are created frequently and/or survive
for a long time, while a low abundance means
they are created sporadically and/or are removed
quickly after creation. Since we are effectively fol-
lowing single units of mass at z = 0, and the col-
lision model used for the followed particles is the
same as the one used in Sect. 2.4, the ergodic
principle states that, given enough time (in this
case, multiple coagulation/fragmentation cycles),
the fractional time spent inside grains of size s
should be proportional to the local mass distribu-
tion. Moreover, since settling is not important for
α = 10−2, the midplane mass density is directly
proportional to the vertically integrated surface
8
density, i.e., nimi ∝ Σd,i (Eq. 18). Thus, if we
sum over enough monomer histories, we should
retrieve the background dust distribution. The
right panel of Fig. 4 shows the normalized, cumu-
lative time monomers spent inside a grain of size
s, averaged over 500 monomer histories, each fol-
lowed for 104 yr. The mass-weighted background
size distribution (Sect. 2.4) is shown by the blue
solid line. The curves agree very well, especially
towards larger sizes, where most of the mass is
located.
3.3. Combining dynamics and collisions
When the dynamics and collisions are treated
simultaneously, the time step is chosen as
∆t = min
{
fdiff
(α+ Ωts)Ω
,
fcoll
C˜tot
}
, (28)
and we will typically use fdiff ∼ 10−2 and fcoll ∼
1. In this way, vertical diffusion/settling limits
the time step when collisions are rare (for example
in the upper parts of the disk atmosphere) and
the collision rates limit the time step when grains
collide more frequently.
The steps for calculating the evolution of a par-
ticle that starts out as a monomer inside an aggre-
gate of size s at t = 0 are then:
1. Calculate C˜j and C˜tot for the particle of size
s at position z.
2. Determine the time step ∆t using Eq. 28.
3. Displace the grain vertically according to Eq.
15.
4. Determine if a collision has occurred during
the time step ∆t.
5. If yes, determine the collision partner, calcu-
late the collisional outcome (sticking, frag-
mentation, or erosion).
6. Given the collisional outcome, determine the
size of the body the monomer we are follow-
ing ends up in.
7. Repeat all steps while t < tmax.
Typically we will take tmax ∼ 10tD, where tD =
1/(αΩ) ' 1.7 · 103 yr for the parameters of Table
1.
4. Individual histories
To illustrate the interplay between diffusion and
particle-particle collisions, we calculate individual
histories for monomer grains released in the mid-
plane at 5 AU for three different dust-to-gas ratios
Σd/Σg = 10
−3, 10−2, 10−1 corresponding to dust
depleted, Solar, and dust enhanced ratios, respec-
tively. The turbulence strength α = 10−3 and
the shape of the background dust population is
identical to the one shown in Fig. 2. Indepen-
dent of Σd/Σg, the maximum particle size equals
smax ' 2 cm and has a (midplane) Stokes number
of Ωts ' 0.02. Each panel of Fig. 5 shows the
location and size of the aggregate the monomer is
part of as a function of time.
For the lowest dust density (upper panel of
Fig. 5), collisions are not very frequent. After
the monomer is released at z = 0, it moves verti-
cally for a few thousand years before being swept
up by a cm-size aggregate. Within the simulated
10,000 years, only a handful of collisions have oc-
curred and the monomer stays part of the same
grain for extended periods of time. In the middle
panel, where the dust density is 10 times higher
and at the Solar value, this picture changes. In the
same 10,000 years, this monomer witnesses mul-
tiple sticking and destructive collisions and as a
result spends more time inside aggregates of a va-
riety of sizes. Finally, in the dust-rich case where
Σd/Σg = 10
−1 (lower panel), collisions happen
very frequently and the monomer we are follow-
ing rarely stays part of the same aggregate for an
extended period of time.
In summary, a higher Σd/Σg means collisions
play a larger role in shaping the dynamical evo-
lution of the individual dust grains. In the next
section, we study how frequent collisions can in-
fluence the vertical (re)distribution of particles.
5. Trapping of small grains
In the growth/fragmentation steady state con-
sidered here, small (sub)micron particles are cre-
ated predominantly in catastrophic collisions be-
tween particles with sizes close to the maximum
size smax because i) this is where most of the solid
mass is concentrated (Fig. 4), and ii) relative ve-
locities between smaller particles result in sticking
instead of fragmentation (Fig. 1), allowing growth
to replenish the population of smax particles.
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Fig. 5.— Histories of monomers starting out in the
midplane at r = 5 AU in a disk with α = 10−3 for
three different dust-to-gas ratios. The dust popu-
lation has the shape of the one in Fig. 2, but the
total dust mass is varied. After they are released
at the location of the •-symbol, particles can dif-
fuse and settle vertically, and are incorporated in
different aggregates as the result of collisions.
If these larger bodies are concentrated in a thin
layer because of settling, the production of small
grains will be highest inside that layer. With par-
ticle collisions happening very frequently in some
cases (see Fig. 5), it is possible that in some sce-
narios fragments will not survive long enough to
be redistributed vertically before being swept up
by the next aggregate. In this section, the im-
pact of coagulation/fragmentation on the vertical
distribution of small grains is explored for a dust
column at 5 AU for different dust contents and
turbulence strengths.
5.1. Varying the dust content
Here, we start by recreating the steady-state
distribution (Sect. 2.4) as closely as possible.
Specifically, the monomers are distributed inside
aggregates with initial sizes si(t = 0) drawn from
the steady-state size distribution and given initial
locations zi(t = 0) drawn from Gaussians cen-
tered at z = 0 with widths hd corresponding to si.
Then, all grains are followed over a time period
t = 10tD while they diffuse, settle, and become
part of different aggregates through collisions re-
sulting in sticking, catastrophic fragmentation and
erosion. In total, 103 individual monomer histories
(similar to those shown in Fig. 5) are calculated.
Depending on their midplane Stokes number, ag-
gregates are classified as being small (Ωts/α <
10−1), intermediate (10−1 < Ωts/α < 10), or large
(Ωts/α > 10). For each group, their scale-height is
then obtained by calculating the root-mean-square
of their distribution, i.e., hd = 〈z2i 〉1/2, assuming
that 〈zi〉 = 0.
Figure 6 shows the results for α = 10−3 and
four different dust-to-gas ratios. The top pan-
els show the evolution of the scale-height of the
small, intermediate, and large grains as a function
of time. The green and red shaded areas indicate
hd for small and large particles as predicted by
Eq. 9, and the vertical dotted line corresponds to
the mixing time tD (Eq. 5). Bottom panels show
the distribution of small particles summed over all
times t > tD. The dashed line is a Gaussian fit to
the observed distribution, and the green shaded
curve shows the distribution of the gas. Dust-
to-gas ratios increase from left-to-right with the
left-most column showing the result of simulations
without taking into account collisions (effectively
Σd/Σg → 0).
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Fig. 6.— Dust particle distributions for α = 10−3 for different dust-to-gas ratios. Top: Variance in the
distribution of small (Ωts/α < 10
−1), medium (10−1 < Ωts/α < 10) and large (Ωts/α > 10) particles as a
function of time. The shaded areas indicate the expected scale heights for small and large grains (i.e., Eq.
9), and the vertical dotted line shows the mixing timescale tD = 1/(αΩ). Bottom: Normalized distribution
of small grains integrated over all times t > tD. The shaded green curve shows the expected distribution for
well-mixed small grains and the dashed line shows a Gaussian fit to the data.
Starting on the left, it can be seen that grains
behave as expected in the absence of collisions
(see also Fig. 3). When the total dust mass
is increased however, the impact of successive
growth/fragmentation cycles on the vertical dis-
tribution of grains is clearly visible. The effect is
largest for the small grains, whose average scale-
height decreases from almost 1 to ∼0.4, a value
closer to the scale-height of the large particles in
the steady-state population (see Table 2). The
small particles that are created in the midplane
cannot move freely for long enough to reach the
upper parts of the disk.
5.2. Varying the turbulence
It is interesting to study how the results vary
with the strength of the turbulence. Changing α
will impact the behavior in many ways, influencing
(among other things) the shape and upper limit
of the size-distribution, the settling behavior, and
the diffusion timescale. Table 2 shows how some
important aspects of the model vary with α.
In Fig. 7 the results for a series of simulations
with different turbulence strengths have been sum-
marized. For every value of α, the dust-to-gas ra-
tio has been varied as in Sect. 5.1. The value
of h
(S)
d has been obtained by averaging 10
3 par-
ticle histories in the time frame tD ≤ t ≤ 10tD.
The vertical lines indicate the variance h
(S)
d ex-
hibits when binned in 36 periods of 0.25tD each.
The left-most points correspond to simulations
where collisions were ignored completely (like in
Sect. 3.1). In all simulations with dust-to-gas
ratios Σd/Σg & 10−3, small grains are trapped
in the midplane. The decrease of h
(S)
d is most
pronounced for low values of α, where the largest
grains have settled most (Table 2) and the mixing
timescale is longer (Eq. 5).
For α = 10−2, our simulations indicate h(S)d > 1
which appears unphysical. This is the result of in-
creased small dust production at high z because
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Table 2: Characteristics of normalized dust populations at r = 5 AU for vfrag = 5 m s
−1 for different values
of α.
α ssett/cm sp/cm (Ωts)p (hd/hg)p ∆
(S) ∆(M) ∆(L) tD/yr tdrift/yr
10−2 0.81 0.140 0.0017 0.92 0.521 0.479 0 1.8 · 102 2.7 · 105
3 · 10−3 0.24 0.468 0.0058 0.58 0.184 0.816 0 5.9 · 102 6.2 · 104
10−3 0.081 1.40 0.017 0.23 0.116 0.491 0.393 1.8 · 103 2.7 · 104
3 · 10−4 0.024 4.68 0.058 0.07 0.073 0.251 0.675 5.9 · 103 6.2 · 103
Note.—From left to right, the table lists: the turbulent α; the size of the particles that begin to settle; the size, Stokes
number, and scale-height (through Eq. 9) of the mass dominating particles; the normalized mass ∆ in small, intermediate, and
large particles (see Sect. 5.1 for the definitions of these sizes); the mixing timescale; and the drift timescale of particles with
size sp (see Appendix A). All quantities listed in this table are insensitive to the choice of Σd/Σg.
the collision velocity is increased with respect to
the midplane (see both panels of Eq. 1). This
broadens the vertical distribution of small grains
slightly, resulting in 〈z2i 〉1/2 > hg. This effect is
much smaller in the simulations with a lower α,
where almost no destructive collisions take place
at high z because most of the mass is in the mid-
plane. We return to a discussion of how the as-
sumptions of our model may impact our results
further below.
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Fig. 7.— Scale height of the small dust grains
(those with Ωts < α/10). Points shows the results
of simulations like the ones shown in Fig. 6 and
lines represent Eq. 33.
5.3. Comparing timescales
The trapping of small particles seen here can
be understood by comparing the mixing timescale
to the survival time of small grains near the mid-
plane, where they are formed. When the removal
of small grains from the midplane is dominated by
collisions with particles of size sp and Stokes num-
ber (Ωts)p, the sweep-up timescale can be written
as
tsw = (npσcolvrel)
−1
, (29)
' hg
csΣd
spρ•
(Ωts)p
, (30)
where we have assumed the collision velocity vrel ∼
cs
√
α(Ωts)p is set by the larger particles (see
Fig. 1), and approximated the number density
of peak-mass particles near the mid-plane np ∼
Σd/(hdmp) with hd/hg ∼
√
α/(Ωts)p. Assuming
the peak-mass particles are in the Epstein regime
(Eq. 6) and making use of ρg ∼ Σg/hg, the parti-
cle size and material density drop out and we are
left with the surprisingly simple relation
tsw ∼ 1
Ω
(
Σd
Σg
)−1
. (31)
It is interesting to compare the sweep-up
timescale to the mixing time of the smallest par-
ticles tD (Eq. 5). We define the ratio of these two
timescales
Φ ≡ tsw
tD
∼ α
(
Σd
Σg
)−1
. (32)
For Φ  1, small grains can easily diffuse be-
fore being swept up, and we can expect to re-
trieve h
(S)
d = hg. Alternatively, when Φ  1,
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the sweep-up time is short compared to the mix-
ing timescale. In this limit, we expect h
(S)
d to de-
crease and approach the scale height of the mass-
dominating particles. From our simulations, we
find that the transition between these regimes oc-
curs around α = Σd/Σg. This picture and the lo-
cation of the regime boundary are consistent with
the behavior seen in Figs. 5 and 6.
Finally, it is useful to construct a function
that recreates this behavior and provides the scale
height of small (Ωts < α/10) particles. We find
that
h
(S)
d
hg
= (y2 − y1)e−(c1Φ)2/3 + y1, (33)
with y1 ' 0.95 the relative scale-height of particles
with Ωts = α/10 (the largest of the small parti-
cles) and y2 the relative scale height of the mass-
dominating particles (listed in Table 2) works well
in most cases. In Figure 7, the predictions of Eq.
33 are plotted alongside with the results from our
simulation. Fitting Eq. 33 to these results sug-
gests c1 = 16 for α = 3 · 10−4 and c1 = 7 for more
turbulent cases.
6. Discussion
6.1. Evaluating model assumptions
A key assumption that is made in this study
is that the background dust population is well-
described by a growth/fragmentation steady state
distribution as described by Birnstiel et al. (2011)
(see Sect. 2.4). This implies that the maximum
particle size is set by turbulence-induced fragmen-
tation. For this to be the case, the relative collision
velocity should exceed the fragmentation thresh-
old, i.e., ∆vtur ∼
√
αcs < vfrag. This is usually
achieved in the inner disk, where cs is higher. In
addition, bare silicate grains inside the snow-line
have a significantly lower fragmentation threshold
than their icy cousins in the outer disk (e.g., Wada
et al. 2013). Second, growth to sizes ∼smax has
to be able to proceed unhindered by effects such
as bouncing or radial drift. The latter is often
problematic in the outer disk, where particles drift
radially before reaching smax, resulting in a maxi-
mum size that can be significantly smaller (Brauer
et al. 2008; Birnstiel et al. 2010, 2012; Estrada
et al. 2016).
Even when growth up to smax is possible, the
most massive particles will drift radially and the
local dust surface density will typically decrease.
The time-scale on which this occurs depends on
the Stokes numbers of the largest particles, and
can be estimated for the calculations presented
here. The last two columns of Table 2 show tD
and tdrift (see Appendix A). While a stronger tur-
bulence decreases the mixing time, it increases the
drift timescale because the maximum particle size
and corresponding Stokes number are lower (e.g.,
Eq. 14). In all cases considered here, tdrift  tD
except for α = 3 · 10−4 where the timescales are
comparable.
Thus, the simulations presented in this work
are probably most relevant for the inner parts of
protoplanetary disks, where growth and mixing
are fast, collision velocities are high, and the frag-
mentation threshold is lower. Lastly, throughout
this work we have assumed that the largest par-
ticles are always in the Epstein drag regime. In
the very inner disk, or for very porous aggregates,
this might not always be true. In those cases, the
Stokes drag regime applies, in which the stopping
time is increased by a factor s/λmfp > 1 (Cuzzi
& Weidenschilling 2006). Inserting this factor in
Eq. 30 results in a shorter sweep-up time (by a
factor λmfp/sp), making collisional trapping more
effective.
6.2. Small dust at high altitudes
A smaller scale height for the smallest dust par-
ticles has a major impact on their number density
in the upper disk atmosphere. The expected local
small-dust-to-gas ratio at a height z can be written
as
ρ
(S)
d
ρg
= ∆(S)
Σd
Σg
(
hd
hg
)−1
exp
{
−1
2
(
z2
h2d
− z
2
h2g
)}
,
(34)
with hd = h
(S)
d the scale-height of the small dust
and ∆(S) the fraction of the size-distribution re-
siding in small grains (see Table 2).
Figure 8 shows the dust-to-gas ratio at z = 2hg
as a function of the total vertically-integrated
dust-to-gas ratio. The dotted lines show the pre-
dictions for the cases where small grains are always
well-mixed and ρ
(S)
d /ρg ∝ Σd/Σg. Differences here
are because of different values of ∆(S). The solid
lines show predictions for when collisional trap-
ping taken into account by using Eq. 33, using
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Fig. 8.— Expected local small-dust-to-gas ratio
at z = 2hg (Eq. 34) for the parameters of Table 1
and different turbulence levels and Σd/Σg. Dotted
lines assume the small dust is well-mixed (h
(S)
d =
hg) and solid lines assume the scale-height of small
grains is set by collisional trapping and accurately
described by Eq. 33 using c1 = 10 and y1 = 1.
c1 = 10 and y1 = 1. The turn-over of these curves
is interesting and perhaps counter-intuitive: while
adding more dust to the column is still increasing
the total amount of small dust (i.e., we keep ∆(S)
constant), it is also increasing the degree of colli-
sional trapping and thus lowering h
(S)
d . Since the
local number density scales exponentially with the
square the relative scale-height, the latter effect is
strongest and the net amount of small dust in the
upper atmosphere decreases.
6.3. Impact on vertically-integrated size
distribution
In this work we have assumed that the verti-
cally integrated dust distribution is given by the
fit function of Birnstiel et al. (2011) (see Sect. 2.4).
However, that approach in turn assumes that dust
particles are at all times distributed vertically ac-
cording to Eq. 9. When Φ  1, our models
show significant deviations from this pure mix-
ing/diffusion equilibrium and this is expected to
impact the size-distribution itself. For example, if
small grains are confined to the midplane, their
collision rate with large particles will increase,
probably reducing their overall abundance. The
greater density of solids at the disk midplane will
likely lead to more frequent growth than assumed
here, and thus our conclusions would be strength-
ened.
Ideally one would calculate the background dis-
tribution self-consistently. Zsom et al. (2011) ac-
complished this by stacking a series of boxes on
top of each other, using the representative Monte
Carlo model of Zsom & Dullemond (2008) to simu-
late particle coagulation in each box individually,
and allowing dust grains to move between adja-
cent boxes. Focusing on small grains, Zsom et al.
(2011) conclude that “high values of turbulence
are needed to explain why disk atmospheres are
dusty for∼106 yr”. While it is difficult to compare
our results directly, mainly because Zsom et al.
used a more complex model for the collisional out-
comes (Gu¨ttler et al. 2010) and porosity evolution
(Ormel et al. 2007; Okuzumi et al. 2009), our find-
ings are in agreement with their conclusion and,
based on the results presented here, we can offer
a second possibility, namely low values of Σd/Σg
that allow small grains to diffuse more freely. Such
conditions may be realized as solids are depleted
by radial drift or as much of the mass gets locked
up in planetesimals, unable to take part in the
collisional evolution considered here.
While solving the size-distribution in a self-
consistent manner is beyond the scope of this
work, we can use the framework of Birnstiel
et al. (2011) to estimate what the size-distribution
would look like if all grain sizes have the same
scale-height (see Appendix B). From Fig. 9 we see
that collisional trapping will indeed reduce the
overall abundance of small grains. The differences
between the trapped and non-trapped distribu-
tions can be a factor of a few and largest for weak
turbulence, where ssett and smax differ by several
orders of magnitude.
6.4. Signs of radial drift or planetesimal
formation?
Finally, we should discuss inferences that might
be made from not seeing any dust trapping, i.e.,
witnessing significant amounts of small dust high
in the disk atmosphere. In the context of Eq.
33, two things could be happening. First, if the
largest bodies in the size distribution do not ex-
perience strong settling (i.e., y1 ∼ y2 ∼ 1 in Eq.
33), the trapping is not effective. This happens
when (Ωts)p < α, which can occur either because
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fragmentation limits growth too early (specifically,
when (vfrag/cs) < α), or when growth is limited
by radial drift (Sect. 6.1). Second, a high value of
Φ indicates small grains can move relatively un-
hindered by collisions, irrespective of whether the
large grains have settled or not. For the turbu-
lence strengths considered here, Σd/Σg < 10
−3
did not see any trapping (see Fig. 7). For typi-
cal initial dust-to-gas ratios of ∼10−2, this means
a reduction of at least one order of magnitude,
which could point towards a decrease in the over-
all dust content caused by radial drift (e.g., Krijt
et al. 2016), or perhaps indicate that a substantial
portion of the dust mass has been converted into
planetesimals and no longer takes part in the col-
lisional cascade (e.g., Najita & Kenyon 2014). Fi-
nally, the observed small particles might not come
from the midplane, but be replenished from out-
side the disk (Dominik & Dullemond 2008). This
would suggest no genetic relationship between the
dust observed at the disk surface and that which
is accreted into planetesimal at disk midplane.
6.5. TW Hya
The protoplanetary disk around TW Hya could
be an interesting environment to look for obser-
vational signatures of collisional dust trapping.
First, there exist independent measurements for
the dust mass through (sub)-mm observations
(e.g., Andrews et al. 2012) and the gas mass
through rotational HD lines (Bergin et al. 2013),
which allow us to constrain Σd/Σg. Moreover,
there are direct and indirect constraints on the
strength of the turbulence (Hughes et al. 2011;
Menu et al. 2014). For the inner disk (the region
around 2.5 AU), Menu et al. (2014) argue that the
dust population is fragmentation-limited by com-
paring the inferred radial profile of the dust surface
density to the theoretical models of Birnstiel et al.
(2012). For the outer disk, several studies have
found that the upper layers of the disk’s atmo-
sphere are significantly depleted in C and O (Du
et al. 2015; Kama et al. 2016). A potential expla-
nation put forward by both groups is that these
species have been locked up inside large, settled
grains, and are not efficiently being mixed back up.
The vapor in the atmosphere can be replenished
by small grains diffusing upward (small grains are
the prime carriers because of their high surface-to-
mass ratio). Thus, when even the smallest grains
cannot easily return to the atmosphere, as shown
in our simulations, the depletion of volatiles from
the atmosphere could be very efficient. While the
simulations in this work are not directly applicable
to the outer disk (radial drift is expected to play
a major role in these parts of the disk), similar
modeling can be used to study the impact of dust
dynamics on the volatile budget.
The next step in modeling such a system would
be to expand the approach developed here with a
description of freeze-out and sublimation of impor-
tant volatile species and study the distribution of
gas and dust in time simultaneously. In low tem-
perature high density regions like the midplane gas
molecules will freeze-out onto dust grains, while
the molecules are expected to desorb and return
to the gas phase in the warmer disk atmosphere
(e.g., Ros & Johansen 2013). Simulating the in-
terplay between these processes, while solving the
dust size-distribution in the presence of radial drift
self-consistently, will be the subject of future work.
7. Conclusions
We have modeled the vertical diffusion and set-
tling behavior of dust grains in a single column
of gas in a protoplanetary disk while taking into
account sticking and destructive collisions. We as-
sume that the local size distribution is in a growth-
fragmentation equilibrium and that radial drift is
not an important factor over the 103−104 yr that
we consider. Our models indicate that:
1. Contrary to what is usually assumed, small
(sub)micron grains are not necessarily well-
mixed with the gas, but can become trapped
in a layer that is significantly thinner.
2. Collisional trapping occurs when the time-
scale on which small particles are swept up
by larger grains is much shorter than the
mixing timescale (see Fig. 6). For the
steady-state dust populations of Sect. 2.4,
this occurs when Φ ≡ α/(Σd/Σg) < 1.
3. The scale-height of the small grains (those
with Stokes numbers Ωts < α/10) ranges
from hd ∼ hg (no trapping) to close to the
scale-height of the mass-dominating parti-
cles (efficient trapping) and is accurately de-
scribed by Eq. 33 with c1 ∼ 10 (see Fig. 7)
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4. A reduced scale-height for small dust grains
has a large impact on the local dust abun-
dance in the disk atmosphere. Since col-
lisional trapping is more efficient for high
Σd/Σg, this leads to the counter-intuitive
behavior where increasing the column’s dust
content decreases the amount of small dust
at high z (Fig. 8).
Future studies are encouraged to investigate the
importance of collisional trapping in evolving dust
populations.
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A. Lifetime of the steady-state dust population
The lifetime of the dust population is set by the drift timescale of the largest particles
tdrift ≡ r
vdrift
. (A1)
If the dominant particles have Ωts < 1 the drift velocity can be written as
vdrift = ηvKΩts, (A2)
where vK = rΩ and η ≈ (cs/vK)2 ' 0.002 for the disk model we use. Table 2 shows the drift timescale for
the particles making up the peak of the mass distribution. On this timescale, the dust surface density is
expected to decrease because of radial drift.
B. Effect of settling on the size-distribution
The function of Birnstiel et al. (2011) uses a variety of power-laws to build up the steady-state size
distribution between a handful of important characteristic sizes (some of them are shown in Fig. 2). The
dictated power-law exponents depend on whether (differential) settling is acting in a specific size regime
(Birnstiel et al. 2011, Table 2). The blue curves in Fig. 9 show the resulting size-distributions for different
values of α when settling is included for particles larger than ssett (indicated by the vertical marker). To
mimic collisional trapping of small grains, we can set ssett → ∞, effectively forcing all dust grains (small
and large) to have the same scale-height. It does not matter whether this scale-height is hg (as normally the
case in the non-settled case) or smaller (in the case of Φ  1). This allows us to get a feeling for how the
size-distribution itself might change when small grains are not capable of leaving the midplane. The orange
curves in Fig. 9 show the size-distributions for equally settled dust grains.
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Fig. 9.— Vertically-integrated size distributions predicted by the recipe of Birnstiel et al. (2011, Sect. 5.2)
for 3 different turbulence levels. The blue curves show the distribution when the settling is described by Eq.
9 while the orange curves correspond to the case where all dust particles share the same scale height. The
settling size ssett is indicated by the vertical marker. Differences are most pronounced when the turbulence
is weak.
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